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1 Introduction 

Together, Sections 2 and 5 of this paper form a self contained treatment of the theory of crystals 
and the path model. It is my hope that this will be useful to the many people who, over the 
years, have told me that they wished they understood crystals but have found the existing 
literature too daunting. One goal of the presentation here is to clarify the relationship between 
the general path model and the crystal operators of Lascoux and Schiitzenberger used in the 
type A case [LS]. More specifically. Section 2 is a basic pictorial exposition of Weyl groups and 
affine Weyl groups and Section 5 is an exposition of the theory of (a) symmetric functions, (b) 
crystals and (c) the path model which is designed for readers whose only background is the 
material in Section 2. These two sections can be read independently of Sections 3 and 4. 

Sections 3 and 4 give an exposition of the affine Hecke algebra and recent results regarding the 
combinatorics of spherical functions on p-adic groups (Hall-Littlewood polynomials) using only 
the material in Section 2 as background. The g-analogue of the theory of crystals developed 
in Section 4 specializes to the path model version [Lil-3] of the "classical" crystal theory at 
= 0. This specialization property is "to be expected" since Macdonald's formula for the 
spherical function specializes to the Weyl character formula at = 0. It is my hope that the 
presentation of the results will illustrate the close connection between the affine Hecke algebra, 
the path model, and the theory of crystals. 

The motivation for this paper is the following. The classical path model is a combinatorial 
tool for working with crystal bases of integrable representations of symmetrizable Kac-Moody 
algebras, a generalization of column strict Young tableaux. The same combinatorics can be used 
to study the equivariant K-theory of the fiag variety [PR] and this point provides a translation 
between the path model and the structure of the nil-affine Hecke algebra. Thus, conceptually, 

crystal bases = the path model 

= the nil affine Hecke algebra 

= the T-equivariant A'-theory of G/B. 

The paper of Gaussent-Littelmann [GL] (see also the work of Kapovich-Millson in [KM]) indi- 
cated that there is a refined model which removes the 'nil' in this chain of equalities and models 
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the geometry of Kac-Moody groups over a local field. The result is the conceptual chain of 
equalities 

positively folded alcove walks = geodesies in the affine building 

= the affine Hecke algebra 
= MV cycles in the loop Grassmanian. 

The connection to the affine Hecke algebra and the approach to spherical functions for a p-adic 
group in [NR] was made concrete by C. Schwer [Sc] who told me that "the periodic Hecke module 
encodes the positively folded galleries" . 

The main results of this paper are obtained by viewing the affine Hecke algebra in terms of 
a new construct, the alcove walk algebra. This combinatorics provides 

(a) a change of basis formula in the affine Hecke algebra which is an analogue of the change 
of basis formula for the nil affine Hecke algebra given in [GR] , 

(b) a derivation of the combinatorial formula for the Hall-Littlewood polynomials in terms of 
monomials given by Schwer [Sc], 

(c) a derivation of the product formula for Hall-Littlewood polynomials given by Kapovich- 
Millson [KM] and Schwer [Sc], 

(d) a description of the restriction rule for Hall-Littlewood polynomials 

in the same way that the theory of crystal bases gives expansions for Weyl characters (Schur 
functions) in terms of monomials and produces general "Littlewood-Richardson rules" for Weyl 
characters. The result in (a) is a generalization of a result given in Schwer in the same spirit 
as the = result given in the paper of Lenart-Postnikov [LP]. Thus (a) generalizes both 
the result in [Sc] and the result in [LP]. Results (b) and (c) are all either explicit or implicit 
in [GL], [KM] and [Sc]. The result in (d) has not appeared in the literature before but it is 
an easy consequence of the combination of the techniques of [Sc] and the "crystal structure" 
on positively folded galleries implicit in [GL]. The g-crystal structure gives easy proofs of the 
results in (c) and (d). 

Unfortunately, the limitations of time and space have not allowed me to provide an exposition 
of the connection between the alcove walk combinatorics and the geometry of the loop group 
(which is implicit in the affine Hecke algebra and explicit in [Mac], [BD], [GL], [KM] and [Sc]). 
Hopefully this will be done soon in a future paper. 

Acknowledgments. I thank P. Littelmann for useful conversations and C. Schwer for teaching 
me the right way to think about positively folded galleries. I thank the National Science Foun- 
dation (grants DMS-0353038 and DMS-0097977), the Vilas Foundation and the Max-PIanck- 
Institut fiir Mathcmatik for support of this work. I thank my hosts in Rome, C. DcConcini, C. 
Procesi and E. Strickland, for their hospitality during a sabbatical when the writing of this paper 
was completed. It is a pleasure to dedicate this paper to R. MacPherson. He is an inspiration 
and a role model. 

2 The affine Weyl group 

This section is a summary of the main facts and notations that are needed for working with 
the affine Weyl group W. The main point is that the elements of the affine Weyl group can be 
identified with alcoves via the bijection in (2.11). 
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Let [)J be a finite dimensional vector space over R. A reflection is a diagonalizablc clement 
of GL(f)j^) which has exactly one eigenvalue not equal to 1. A lattice is a free Z-module. A Weyl 
group is a finite subgroup W of GL(f)j^) which is 

generated by reflections and acts on a lattice L in l)^ 

such that [)^ = L 02 M. Let be an index set for the reflections in W so that, for a G 

Sa is the reflection in the hyporplano if^ = (1)^)*") 

the fixed point space of the transformation Sa- The chambers are the connected components of 
the complement 

f)i\( U 

of these hyperplanes in f)j^. These arc fundamental regions for the action of W. 

Let (,) be a nondegenerate VF-invariant bilinear form on f)j^. Fix a chamber C and choose 
vectors G f)J such that 

C = {xet)^\ {x, a^) > 0} and P^LDQ, 

where 

2q,v 

P = {A G [)^ I (A,a^) G Z} and Q = ^ Za, where a = -^^ — ^. 
Pictorially, 

(A, a^) is the distance from A to the hyperplane Hq,- 
The alcoves are the connected components of the complement 

')k\( U Haj^ of the (affine) hyperplanes H^j = {x e i)^ \ {x,a^) = j} 



(2.1) 
(2.2) 



in f)^. The fundamental alcove is the alcove 

ACC such that G ^, 
where A is the closure of A. An example is the case of type C2, where the picture is 
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The translation in A is the operator t;^ : — > f)^ given by 

t^{x) = X + x, for \eP,x£ f)|. (2.4) 
The reflection Sa,k in the hyperplane i?a,fe is given by 

The extended affine Weyl group is 

W = P xW = {txw \ Xe P,w eW} with wtx = t^xw. (2.6) 

Denote the walls of C by , . . . , i?Q,„ and extend this indexing so that 

HaQ, . . . , Hct„ are the walls of A, 

the fundamental alcove. Then the affine Weyl group, 

WaS = Q >iW is generated by sq, . . . , s„, (2.7) 

the reflections in the hyperplanes -ff^p , . . . , Ha„ ■ Furthermore, ^ is a fundamental region for the 
action of VFag on [)J and so there is a bijection 

Was — > {alcoves in f)^} 
w I — > w~^A. 

The length oi w eW is 

i{w) = number of hyperplanes between A and wA. (2-8) 

The difference between W^s and W is the group 

n = W/W^s ^ P/Q. (2.9) 

The group Q is the set of elements of W of length 0. An element of Q acts on the fundamental 
alcove A by an automorphism. Its action on A induces a permutation of the walls of A, and 
hence a permutation of 0, 1, . . . , n. If ^ G and ^ 7^ 1 let Ui be the image of the origin under 
the action of 51 on ^. If sj denotes the reflection in the _7th wall of A and Wi denotes the longest 
element of the stabilizer W^^ of ooi in W, then 

gsig'^ = Sg(i) and gwoWi = t^^. (2.10) 

The group W acts freely on Q x [) J (|ri| copies of M" tiled by alcoves) so that g~^A is in the 
same spot as A except on the ^th "sheet" of O x ()^. It is helpful to think of the elements of CI 
as the deck transformations which transfer between the sheets in x f)^. Then 



W — > {alcoves in J7 x f)^} 
w I — ^ w 
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is a bijection. In type C2, the two sheets in f2 x ()^ look like 
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where the numbering on the walls of the alcoves is W equivariant so that, for G W, the 
numbering on the walls of wA is the w image of the numbering on the walls of A. 
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The 0-polygon is the PF-orbit of A in x f)^ and for A G P, the 
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the translate of the W orbit of ^ by A. The space O x f)^ is tiled by the polygons and, via 

(2.11), we make identifications between VF, VF, P and their geometric counterparts in x 

W = {alcoves}, W = {alcoves in the 0-polygon}, P = {centers of polygons}. (2.13) 
Define 

P+ = PnC and P++=PnC (2.14) 

so that P~^ is a set of representatives of the orbits of the action of W on P. The fundamental 
weights are the generators loi, . . . ,LOn of the Z>o-module P"*" so that 

n n n 

C = Y,R>oLOi, P+ = ^Z>oa;i, and P++ = ^Z>oa;i. (2.15) 

i=l i=l i=l 

The lattice P has Z-basis cji , . . . , a;„ and the map 

p+ , P++ 

, , where p = loi + . . . + a;„, (2-16) 

A I ^ p + A, 

is a bijection. The simple coroots are a^^, . . . , the dual basis to the fundamental weights, 

{iOi,a)) = dij. (2.17) 

Define 

n n 

C^ = ^R<oa^ and C^ = ^M<oay. (2.18) 

1=1 i=l 

The dominance order is the partial order on f)^ given by 

/x<A if /xGA + ^v. (2.19) 

In type C2 the lattice P = Zei + Ze2 with {si,S2} an orthonormal basis of f)^ = and 
W = {1, si, S2, S1S2, si'S2'Si, S2'SiS2) •S1S2S1S2} IS the dihedral group of order 8 generated by 
the reflections si and S2 in the hyperplanes H^^ and Ha2, respectively, where 

i?ai = {x G f)R I (x,ei) = 0} and Ha^ = {x G fj^ | {x,S2 - £i) = 0}. 
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The set P+ The set P++ 

In this case 

a;i=£i+£:2, (^i=2ei, a( = ei, 

a;2 = £2, "2 =£2-^1, a^ = a2, 

and 

R = {zbcti, ±02, ±(ai + 02), ±(ai + 2q;2)}. 

3 The affine Hecke algebra 
3.1 The alcove walk algebra 

Fix notations for the Weyl group W, the extended affine Wcyl group W, and their action on 
X as in Section 2. Label the wahs of the alcoves so that the fundamental alcove has walls 
labeled 0,1, ... ,n and the labeling is ly-equivariant (see the picture in (2.12)). 
The periodic orientation is the orientation of the walls of the alcoves given by 

setting the positive side of Haj to be {x G fij^ | {x,a^) > j}. (3.1) 
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This is an orientation of the walls of the alcoves such that if A is an alcove and A G P then 

the walls of A + A have the same orientation as the walls of A. 

Let K be a field. Use the notations for elements of as in (2.10). The alcove walk algebra 
is the algebra over K given by generators g € 0, and 



+ 



(1 < z < n) 



positive z-crossing negative z-crossing positive z-fold negative z-fold 
with relations (straightening laws) 
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Viewing the product as concatenation each word in the generators can be represented as a 
sequence of arrows, with the first arrow having its head or its tail in the fundamental alcove. 
An alcove walk is a word in the generators such that, 

(a) the tail of the first step is in the fundamental alcove A, 

(b) at every step, the head of each arrow is in the same alcove as the tail of the next arrow. 
The type of a walk p is the sequence of labels on the arrows. Note that, iiw&W then 

l{w) = length of a minimal length walk from A to wA. (3.3) 
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For example, in type C2, 
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is an alcove walk p of type (1, 2, 0, 1, 0, 2, 1, 2, 1,0, 1, 2) with two folds. Using the notation 



cf for a positive i-crossing, 

c~ for a negative i-crossing, /~ 



for a positive i-fold, 
for a negative i-fold. 



(3.4) 



the walk in the picture is C2 Cq C2 cf C2 fi Cq C2 ■ 

The proof of the following lemma is straightforward following the scheme indicated by the 
example which follows. 

Lemma 3.1. The set of alcove walks is a basis of the alcove walk algebra. 
For example, in type C2 , a product of the generators which is not a walk is 



— + + -£- + -+ f— + + — 
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but, by first applying relations = ~fi ^^'^ then working left to right applying the relations 
= (^f + ' gives 

= -(cr(c2 + /2^)co cr/o^4(4 + /r)4/rco 4^2 ) 
= -(cr(c2" + /2'")4cr/o+4(c^ + /r)4/rco+c+(c+ + z^-)) 

and every term in the expansion of this expression is an alcove walk. 



3.2 The cifiine Hecke algebra 

Fix an invertible element g G K. The affine Hecke algebra H is the quotient of the alcove walk 
algebra by the relations 

i 

and 

p = p' Hp and p' are nonfolded walks with end(p) = end(p'), (3-5) 

where end{p) is the final alcove of p. Conceptually, the affine Hecke algebra only remembers the 
ending alcove of a walk (and some information about the folds) and forgets how it got to its 
destination. 

For w eW and A G P define elements 

r~^i = (image in ^ of a minimal length alcove walk from A to wA), 
= (image in ^ of a minimal length alcove walk from A to txA). 




X + WA 



The following proposition shows that the alcove walk definition of the affine Hecke algebra coin- 
cides with the standard definition by generators and relations (see [IM] and [Lu]). A consequence 
of the proposition is that 

the finite Hecke algebra, H = spaiL{T~\ \ w G W}, and , . 

the Laurent polynomial ring, K[P] = spanjX'^ | A € P}, 

are subalgebras of H. 
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(b) TsT^ 



Proposition 3.2. Let g£Q,, X, fieP,weW and 1 < i < n. Let (p be the element of 
such that Hctfi = Hip,i is the wall of A which is not a wall of C and let s^p be the reflection in 
Hip. Let wq be the longest element ofW. The following identities hold in H. 

(a) X^Xi" = X^+^' = Xf'X^. 

\Ts^w, if t{siw) > e{w), 

[Ts,^ + {q- q-^)T^, ^f ^{siw) < e{w). 

(c) If (A, a/) = then T^^X^ = X^T,^. 

(d) If {X,a^) = 1 then Ts^X'^^T,^ = X^. 

(e) Ts,X^ = X^^^Ts, + iq- g"!)^— 

(f) Ts,T,^=Xf. 

(g) X'^^ = gTyjQim, where the action of g on A sends the origin to uji and w-i is the longest element 
of the stabilizer W^^ of Ui in W. 

Proof. Use notations for alcove walks as in (3.4). 

(a) If px is a minimal length walk from A to txA and is a minimal length walk from from A 
to tuA then 

PxPfj, and PfxPx are both nonfolded walks from A to tx+^A. 
Thus the images of pxPfi and PfiPx are equal in H. 

(b) If £{wsi) > i{w) and is a minimal length walk from A to wA then 

Pwsi = PwC[ is a minimal length walk from A to wsiA. 

and so = = T~\T~^ = (r,.T,„-i)~^ in H. Taking inverses gives the first result, 

SiW ^ wsi i«iiSiV*2«j/ a o 1 

and the second follows by switching w and wsi and using the relation T^.^ = Tg^ — {q — q^^) 
which follows from (3.2) and (3.5). 

(c) Let Px be a minimal length alcove walk from A to txA. If (A, a^) = then Hen ^ 
txA and SjA = A and 

c'^pxc'l is a nonfolded walk from A to txA. 
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Thus T-^X^Ts. =X^ = X^'^ in H. 




(d) Let px be a minimal length walk from A to t^A. If (A, q^) = 1 then there is a minimal 
length walk from A to t\A of the form px = Ptxsi^l where Pt^si is minimal length walk from A 
to txSiA. Then 

c~pt^si is a minimal length walk from A to ts^x^- 
Thus T-^{X^T^-i) = X^i^ in H. 




(e) Note that (c) and (d) are special cases of (e). If the statement of (e) holds for A then, by 
multiplying on the left by X~^^^ and on the right by X~X, it holds for —A, If the statement (e) 
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holds for A and fi then it holds for A + jtx since 



T„X>'X'' = (x"^T„ + (g- g-^)f^-^'\ X" 

Thus, to prove (e) it is sufficient to verify (c) and (d), which has already been done. 

(f) Let be a minimal length walk from s^pA to A, then 

Pf ~ ^qPsv '^^ ^ minimal length walk from A to t^pA. 
Thus TqTs^ = X'f in 11. 

(g) If "PwQWi is a minimal length walk from WiW^A to A then 

Pwi = 9Pwowi is a minimal length walk from A to t^J^A. 

Thus X'^i = gTwQWi in For example, in type C2, wq = S2S1S2S1 and there is one element g in 
Q such that 5 7^ 1 for which guj2 = and ■i/;2 = si so that W0W2 = S2SiS2- D 

The sets 

{T-1,X^ \weW,XeP} and {X^r-\ I e P, ^; G VF} (3.7) 
are bases of H. If p is an alcove walk then the weight of p and the /ina/ direction of p are 

wt(p) G P and <y9(p) G such that p ends in the alcove wt(p) + (p{p)A. (3.8) 

Let 

f~{p) = (number of negative folds of p), 

f^{p) = (number of positive folds of p), and (3.9) 
f{p) = (total number of folds of p). 

The following theorem provides a combinatorial formulation of the transition matrix between 
the bases in (3.7). It is a g-version of the main result of [LP] and an extension of Corollary 6.1 

of [Sc]. 

Theorem 3.3. Use notations as in (3.4)- Let A G P and w G W. Fix a minimal length walk 
Pw) = c^c^ ■ ■ ■ from A to wA and a minimal length walk p\ = c^-^ • • • c^-^ from A to txA. Then, 
with notations as in (3.8) and (3.9), 

p 

where the sum is over all alcove walks P = c~^ - ■ ■ c~Pi^ ■ ■ -pj^ such that pj^ is either c^'°, cj'^'' or 



J ih • 



'3k 

Proof. The product PwPx ~ '^i^'^i^ ' " " ^i^ '-ji ' ' ' '^js may not necessarily be walk, but its straight- 
ening produces a sum of walks, and this decomposition gives the formula in the statement. □ 
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Remark 3.4. The initial direction and the final direction (p{p) of an alcove walk p appear 
naturally in Theorem 3.3. These statistics also appear in the Pieri-Chevalley formula in the 

K-thcory of the flag variety (sec [PR], [GR], [Br] and [LP]). 

Remark 3.5. In Theorem 3.3, for certain A the walk px may be chosen so that all the terms 
in the expansion of T"_\X^ have the same sign. For example, if A is dominant, then px can be 
taken with all = +, in which case all folds which appear in the straightening of PwPx will be 
positive folds and so all terms in the expansion will be positive. If A is antidominant then px 
can be taken with all = — and all terms in the expansion will be negative. This fact gives 
positivity results for products in the cohomology and the K-theory of the flag variety (see [PR] , 
[Br]). 

Remark 3.6. The affine Hecke algebra H has basis {X^T~li \ X e P,w & W} in bijection with 
the alcoves in x [)^, where X^T^l^ is the image in ^ of a minimal length alcove walk from A 
to the alcove A + wA. Changing the orientation of the walls of the alcoves changes the resulting 
basis in the affine Hecke algebra H. The orientation in (3.1) is the one such that 

the most negative point is —ocp, deep in the chamber woC. (3.10) 

Another standard orientation is where 

the most negative point is the center of the fundamental alcove A. (3-11) 

Using the orientation of the walls given by (3.11) produces the basis commonly denoted {T^ | w € 
W} by taking X^i to be the image in if of a minimal length alcove walk from A to w~^A. Since 
= Ti — {q — q~^) the transition matrix between the basis {X^T~^i \ X e P,w E W} and 

the basis {Tyj \ w e W} is triangular. 



4 Polynomials and symmetric functions 

Recall, from (3.6), that the finite Hecke algebra is the subalgebra of the affine Hecke algebra H 
given by 

H = span{r;^i \weW}. 
Let lo be the element of H given by 

lg = lo and T-l,lo = q-^^'^ho, (4.1) 

for w G W. Two explicit formulas for Iq are 

In - ^ V rj-^("')T-i - ^ V fl^("')T where Wn(f) - V f*^^""^ 

is the Poincare polynomial of W . 

As observed in (3.6), IC[P] = span{X^ I A G P} is a subalgebra of H. The vector space IK[P] 
also sits inside ^ in a different way. Since {X^\q j A G P} is a basis of ^Iq there is 

HP] HIq ,^ ^, 

a vector space isomorphism ^, (4.2) 

/ I — ^ /lo- 

The ring of symmetric functions is 

K[P]^ = {/ e HP] \wf = f for ah w eW). (4.3) 
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By a theorem of Bernstein (see [NR, Theorem 1.4]) this subalgebra of H is the center of iJ, 

= Z{H). (4.4) 

The spherical Hecke algebra is the ring IqX^Iq and the restriction of the map (4.2) to Z{H) is 
the Satake isomorphism of the following theorem. 

Theorem 4.1. Let Iq and K[P]^ he as in (4-1) o,nd (4-3), respectively. Then 

K[P]^ = Z{H) lo^o ■ w , h ■ h- 

IS a K-algebra isomorphism. 

J ' — ^ /lo 

Proof. The map is a well defined homomorphism since, if /, /i,/2 £ Z{H), then /Iq = /Ig = 

lo/lo and /1/2I0 = /1/2I0 = /ilo/2lo- 

Suppose that (A, a/) > so that A is on the positive side of i^^.. Then, by Proposition 3.2e, 

loX'^^lo = q-'loTs,X^lo 

= q-'loX^T,Ao - q-\q - g-l)lo(X^'^+"' + • • • + X^""^ + X^)lo 
= loX^lo - (1 - g"^)lo(^''^+"' + • • • + X^""' + X^)lo- 

so that 

loX^'^lo = q-^loXH^ - (1 - g-2)lo(X^'^+"' + • • • + X^-"')lo (4.5) 
or, equivalently, 

lo{X''^ + ■■■ + X^-"')lo = g-2lo(X*'^+"^ + • • • + X^)lo. (4.6) 
From the relation in (4.5), 
IqX'^Hq - loX^*^+"'lo = g-^loX^lo - (1 - q-^)MX'^^+"^ + ■■■ + X^-"^)lo 

- g-^loX^-^ao + (1 - g-2)lo(X^*^+2"* + ■ ■ ■ + X^-2"*)lo, 

so that 

loX^'^lo = <?~'lo^^lo + g-'lo^'^^+^'lo - lo^^""^lo. (4.7) 
It follows from these relations that any element of IqHI^ can, inductively, be written as a linear 
combination of the elements Iq^'^Io) A G P"*". Using Theorem 3.3 to expand Iq-^''^ in terms of 
the basis {X^^T~}^ \ ji e P,v e W} produces 

IJt>Wo\ 

and, since these leading terms are all different (as A runs over P"^), it follows that 

lo-fflo has basis {lo^^lo I A G P+}. (4.8) 

The orhit sums 

= J] XT, AG P+, (4.9) 

form a basis of ]K[P]^. The relation in Proposition 3.2c implies that, if / G ]K[P]'^ then 
Twf = fTw for all w G W , and so the m\lQ = lQm\lo are in lo-fflo- Viewing these in terms 
of the basis {X^r~\ | /x G P, u G W} of H one sees that the rriAlo, A G P"*", are linearly 
independent and so 

lo-H"lo has basis {mAlo | A G P+}. (4.10) 

The point is that the transition matrix between the basis in (4.8) and the basis in (4.10) is 
triangular. □ 
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4.1 Hall-Littlewood polynomials 

For /X G P let = Stab(/x) be the stabilizer of /it. The Poincare polynomial of is 

W;.it) = ^ i^(-). (4.11) 

For // € P, the Hall-Littlewood polynomial or Macdonald spherical function Pfj,{X;t) is the 
element of K[P]'^ defined by 

P^(X;g-2)lo= ( ^ g-^("')rj_\)x^lo, (4.12) 

where is a set of minimal length coset representatives for the cosets in W/W^. Since every 
element w eW has a unique expression w = uv with u G W^^ and v G VF^, 



and hence 

Pju(X, g~^)lo is exactly Iq-^'^Io except normalized 

so that the coefficient of X'^Iq is 1. 

Macdonald's formula for the spherical functions on ap-adic group [Macl, Theorem 4.1.2] is 



^'•<^^'""> - TiT,^ E » A- n '-i^ ■ ("3) 

''^^ wdW \ a&R+ ) 

See [NR, Theorem 2.9a] for a proof in this context. 

The following theorem gives additional formulas for Px(X;g~^). 

A positively folded alcove walk is an alcove walk with no negative folds. (4.14) 



In the following theorem we shall consider alcove walks which do not necessarily begin at A. 
This is the natural way to account for the sum over W'^ which appears in the definition of P\ 
in (4.12). The type of p is the sequence of labels of the folds and the wall crossings of p. 



Theorem 4.2. For A G P^ let t\^W he the translation in A and let n\ he the maximal length 
element in the double coset WtyyV . 

( a) [Sc, Theorem 1.1] Let A G P'^ and fix a minimal length walk PA = ■ ■ ■ from A to \ -\- A. 
Let 

Bq{p\) = {positively folded alcove walks of type {ii,. . . ,ii) which begin at wA \ w G W^} 
Then 

where l{p) is the alcove where p begins, wt(p) + ip{p)A is the alcove where p ends, and f{p) is 
the number of folds in p. 
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(b) Let A G P+. Then 

xewt),w 

Proof, (a) The proof is accomplished by using Theorem 3.3 to expand the sum in (4.12). Since 
all crossings in the walk px are positive crossings Theorem 3.3 gives 

t(p)=w 

H6nc6 

peBg(\) 

(b) Let A G P^. Let l^/';^ = Stab(A) and let wq and wx be the maximal length elements in W 
and Wx, respectively. Let mx and nx be the minimal and maximal length elements respectively 

in the double coset WtxW. If A = 2uj2 in type C2, then Wx = {l,si}, wx = si, wq = S1S2S1S2, 
i{tx) = 6, £{mx) = 3, and i{nx) = 10. Labeling the alcove wA by the element w, the 32 alcoves 
wA with w G VFt^M^ make up the four shaded diamonds. 
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Then 

^^^(.0)g-2^(«.0)^^(g2)^-2^(.0)+2^{«..) [ ^ q^(u)j,\ T^^T^^^^l^ 



^ ^-2^(«;o)+^(«'a) 



\xewtxW 

and the result fohows from the identity £{n\) = i{wo)+i{t\) = £{wo)+i{wo)—i{w\)+£{m\). □ 

Remark 4.3. The set Bq{px) appearing in Theorem 4.2a is heavily dependent on the choice of 
px- One way to make this seem less dependent on this choice is to consider the region 

[A] = {x = XiOJi \ < Xi < Aj}, where A = XiUJi. 

i i 

This region is a union of alcoves and any minimal length walk px from A to X + wqA lies in [A]. 
Foldings of the walk px are then produced by folding the region [A] along the "creases" formed 
by the hyperplanes. This process produces a bijection between the paths in Bq{px) and the set 
i?g([A]) of "positively folded foldings" of the region [A], and the set i?g([A]) does not depend 
the choice of an initial path. The moral is that the best way to forget the choice of the initial 
path Px is to remember all the possible initial paths all at once. This translation of foldings was 
explained to me by J. Ramagge in Fall 2000. 

Remark 4.4. Let Bq{px) be as in Theorem 4.2a and let p G Bq{px)- Suppose that p has / 

folds. For < i < /, let p^^^ be the positively folded walk in Bq{px) which coincides with p up 
to the ith fold and is nonfolded thereafter. Then . . . is a sequence of positively folded 
walks such that 

p(f)=p, i{p^y) = i{p), ifip^^^) = tip), and = 

if the ith fold is on the hyperplane Haj. Since 

<^(p(^-^) > </.(p«) and (-l)^(^(f^^^)) = (-i)^(««)(-i)^{p('-^)) = 

iifip^^"^^)) — ^((^(p^*^)) - 1 is an even integer > 0. It follows that 

e{tip)) + £{ipip)) - fip) = £{i{p)) - f ((^(p(i))) - 1 

+ %(p(2)))_^(^(p(3)))_l 

+ • • • + £{^{p^^-^^)) - £{^{p^^'^)) - 1 + 2£{ip{p)) 
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is an even integer > 0. This proves that f{p) < i{t{p)) — £{(p{p)) and that P\{X;q ^) really is 
a polynomial in the variable q~^. 

4.2 Demazure operators 

The group W acts on K[P] = span{X^ | A € P} by 

wX^ = X^^, for weW,Xe P. (4.15) 
For each I <i <n, define Demazure operators 

Ai : K[P] — > K[P] and Aj : K[P] — ^ K[P] 

by 

^if= -^_X-aS ^-^i)f and A,/ = ^J-^(X"^-sO/, (4.16) 

respectively. 

Via the isomorphism in (4.2), the vector space K[P] is an ^-module. Let 

a = q-'' + q-'Ts^ = 1 + g'^T-l = (1 + q-^)h, (4.17) 

where Ij is the element of H such that l| = Ij and T~^li = The element Ij is the rank 

1 version of the element Iq in (4.1). 

The following proposition shows that, at = 0, the action of Ci on K[P] is the Demazure 
operator Aj. In geometry, the Demazure operators arise naturally as push-pull operators on the 
K-theory of the flag variety (see [PR, Proposition]). 

Proposition 4.5. Let p = uji + ■ ■ ■ + Un as in (2.16). As operators on 'K[P\, 
(a) Ai = X-PAiXP = Ai + Si, 

(h) Ci = {l- q~')A, + (., + g-2) = (1 + .,) 
Proof, (a) Let A G P. Since Sip = p — {p, ai)ai = p — ai, 

ix-PA,xn{x') = x-p ^-^^ = = MX'), 

and, as operators, 

Ai + Si= ^ _ (1 - Si) + Si= ^ _ (1 -Si + Si- X-'^*Si) = Ai. 
(b) Using Proposition 3.2e, 

,-T,xAio = (.-x-^T, + (1 - r^)f^^) lo = {x-^ + (1 - r')^^^) 



1 - 

(A,-g-2A,)(X^)lo, 
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and the first formula in (b) now follows from the second formula in (a). Then 



- 1 _ x-'^i i-X'-i " + [ 1 - J ■ 

□ 

Remark 4.6. Slightly renormalizing the generators of the afHne Hecke algebra by setting Tj = 
q~^Ts^ allows one to let = so that Tj acts on by Aj. This is the action of the nil 

affine Hecke algebra on Since the Tj satisfy the braid relations so do the Aj. The first 

formula in Proposition 4.1 shows that Aj is a conjugate of A, and so the A, also satisfy the 
braid relations. Although Q equals Aj at q~'^ = 0, the operators Cj do not satisfy the braid 
relations. Furthermore, if wq = Si^ ■ ■ ■ Si^ is a reduced word for the longest element then 

Cii • • • Ci^ = Woiq~'^)lo + g"^ (extra terms). 

In contrast to the case for Wcyl characters (when = 0), because of the (extra terms) the 
Hall-Littlewood polynomial cannot be generated by applying the product Cjj • • • Cj^ unless one 
somehow knows how to throw away the extra terms. 

Remark 4.7. As operators on IK[P], 

The second formula is equivalent to Macdonald's spherical function formula (4.13). 
4.3 Root operators 

The idea of root operators is to give an alcove walk interpretation of the action of the operator 
Ci on K[P] by considering the projections of the alcove walks onto the line perpendicular to 11^^. 
The main point is the identity (4.21) which gives a combinatorial description of the action of 
Ci on K[P]. The appropriate combinatorics is more or less forced by the Leibnitz rule or tensor 
product rule for the operator given in (4.27). 
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Let p be a positively folded alcove walk. 




Let 1 < i < n. The projection of p onto a line perpendicular to is a positively folded alcove 
walk p "with respect to aj" (the only important information in the projection is the relative 
position of the walk to each of the hyperplanes parallel to i?aj. 

I— 4{p)=d+(p) — »i 

■-^ « ■* — ^ ^s=F — — — ^ (4-18) 



I— d-(p)=d-(p) 




Because p is positively folded it is a concatenation of negative-positive sections of the form 
c~c~ ■ ■ ■ fc^c^ ■ ■ ■ c+, where denotes a positive crossing, c~ a negative crossing, and / a 
(positive) fold. The outer edge (bottom most negative traveling portion and topmost positive 
traveling portion) of the walk is a single negative-positive walk 

c~c~ C~C~ / ■ yC'^C'^^ . ^ » ^ * ** — — *- ^ (4.19) 

d~ (p) factors <i+{p) factors 

If p is the walk in (4.16), the outer edge is the darkened portion of the path, d'^{p) = 7 and 
d-{p) = 3. 

The root operators e and / change the outer edge of the path p and leave all other parts of 
the walk unchanged. Define ep and fp to be the positively folded alcove walks which are the 
same as p except that 

ep has outer edge 



fp has outer edge 



c c ■ ■ -c c c J c • • ) a^nd 

ci~(p)+l factors 1 factors 

c' c' ■ ■ ■ c~ f c^c^c^ ■ ■ ■ c^c^ 

1 factors d+(v)+l factors 
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If p is the walk in (4.16) then 



fp = "-^ < ' < — ^ < ' "<^^ ^ and ep 



The precise rules for the limiting cases, when d'^{p) or d (p) = 0, are illustrated by the following 
example, where the dashed arrows indicate the action of e and /. 

e e e 



/ / / 

with /(-* — M — -* — ) = and e{^*: — >- — — »-) = 0. 

With notations for d'^{p) and d~{p) as in (4.18) and (4.19), define 

df{p) = d+{p) and d-{p) = d-{p), (4.20) 

where p is the projection of p onto the line perpendicular to ctj. The walks Cip and fip are the 
walks obtained from p by changing the corresponding edges p (so that the projections of Cip and 
fiP are ep and fp, respectively). 
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The i-string of p Si{p) is the set of paths generated from p by applying the root operators 
Ci and fi- The head of the i-string is the path h in Si{p) which has {h) = 0, If wt(/i) = A and 
A is on the positive side of i?Q,. then 

dX^ = q-^X''^T-^ + (1 - q-^){X''^ + + • • • + X^""') + X^, (4.21) 

and the terms in this sum correspond to the paths in the i-string Si{h). 

4.4 q'-Crystals 

The q-crystals provide a combinatorial model for the spherical Hcckc algebra loi^lo in the basis 
of Hall-Littlewood polynomials. Three structural properties motivate the definition of g-crystals: 

(a) The Hall-Littlewood polynomials are normalized versions of the basis IqX'^Io- 

(b) The element Iq is characterized by the property that QIq = (1 + q~^)lo. 

(c) The action of Q on HIq = K[P] is captured in the combinatorics of i-strings. 

These properties indicate that the combinatorics of Hall-Littlewood polynomials can be captured 
with the root operators. 
Let 

^univ be the set of positively folded alcove walks which begin in the 0-polygon WA. (4.22) 
If is a finite subset of i?univ the character of B is 

char(S) = q-i^(p)+^(j>)-f(.p))(i _ g-2)/(p)-c(p)j^wt(p)_ (4 23) 

peB 

where p has f{p) folds, l(j))A is the alcove where p begins, wt{p) + (p{p)A is the alcove where p 
ends and 

c{p) the number of folds of p touching one of the hyperplanes H^^, . . . , Ha„. (4.24) 
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A q-crystal is a finite subset B of .Buniv which is closed under the action of the root operators. 

A positively folded alcove walk is i-dominant if it never touches the hypcrplanc Ha^^^i. The 
head h of an i-string Si{p) is i-dominant and Si{h) = Si{p). A positively folded alcove walk 

p is dominant ii p C. C — p, (4-25) 

where 

C - p = {/X G f)^ I (/i, aV) > -1 for 1 < z < n} 
In other words, a positively folded alcove walk p is dominant if it is i-dominant for alH, 1 < i < n. 
Theorem 4.8. Let B he a q-crystal. Then, with notations as in (4-23-4.25), 

char(B)= ^ 

pes 

pQC-p 

Proof. If p is a dominant walk let 

Bq [p) be the g-crystal generated by p 

under the action of the root operators and /j. The point is that the set of all positively 
folded alcove walks is partitioned into "equivalence classes" given by the sets Bq{p) such that 
p G -Buniv is dominant and p is the unique dominant walk in Bq{p). Because Iq is characterized 

by the property that CiIq = {l + q~'^)\Q and the action of Cj is modeled by the combinatorics of 
i-strings (4.24), this equivalence relation is generated by the relations p ~ fip and p ~ eip. □ 

4.5 Products and restrictions 

The results in this section are generalizations of the Littlewood-Richardson rules. These are 
obtained as corollaries of Theorem 4.8. 

The combinatorial definition of the root operators given above is essentially a consequence 
of the Leibnitz rule for the Demazure operator, 

A,(/5) = Ai(/)5 + (si/)(Ai5), for /,5 G K[P]. (4.26) 

The corresponding rule for the operators Ci is 

C^{fg) = {Cif)g + {sima - (1 + q-^))g), for f,ge K[P]. (4.27) 

This identity is implicit in the additivity in A of the relation in Proposition 3.2c (the product 
Tg^X^'^^ = (Ts.X'^)X^ can be expanded in two different ways using Proposition 3.2e). 

In order to define the product of pi ® p2 of walks pi,P2 € -Buniv the final direction (p{pi) 
of pi and the initial direction 1(^2) of p2 need to be taken into account. (To properly model 
the multiplication of Hall-Littlewood polynomials we must account for the effect of Iq in the 
product P^IqP^Iq and we cannot just concatenate walks as in the alcove walk algebra). Define 
Pi ®P2-, recursively, by 

If ip{pi) = i^{p2) then P\®P2= P1P2, the concatenation of pi and p2, and 
if (p{pi) 7^ t{p2) then pi^p2= p'^ (g) p2, 

where p'^ is the alcove walk constructed by the following procedure. Let c^^^ ' ' ' '^^il be a minimal 
length walk from ^p{p{) to i{p2)- If £1 = — let p'^^ = pic~. If £1 = -|- let -Bqj be the hyperplane 
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crossed by the last step of Pic^ and change the last negative crossing of in pi to a fold to 

obtain a new path p'^ with '^pip'i) = '^{picf^). 

In terms of root operators, the Leibnitz rule (4.27) translates to the property 

~( ^ \ /(eiPi) <8)P2, if ci+(pi) > d~(p2), , 
ei{pi®P2) =\ . . . and 

I pi ® {eiP2), if dlipi) < {p2), 



fiipi ®P2) 



UiPi) ^P2, if d+ipi) > d- {p2) [pi ®P2= ■— ), 
p {fio) , if d+ ip) < dT (q) (pWq = 'c^r^ ) , 



for pi,p2 € -Buniv It follows from this version of the Leibnitz rule that if Bi and B2 are g-crystals 
then the product 

Bi® B2 = {pi ®P2 \ Pi ^ Bi,p2 G B2} is also a g-crystal, (4.29) 

and 

char(Si (g) B2) = char(Si)char(52). (4.30) 

This last property is not completely trivial. The general case follows from the rank one case 
(projecting onto the line perpendicular to Ha)- More importantly, the definition of the product 
(8) is forced by (4.28-4.30). 

The following theorem is a version of [Sc, Theorem 1.2] and results in [KM] and [Ha]. 

Theorem 4.9. Recall the notations from Theorem 4-2- -Cf A G P'^ let Bq{p\) he the q-crystal 
generated hy p\, where px is a fixed minimal length alcove walk from A to X + A. For H,ue P+, 

Proof. Using (4.29) and (4.30) and applying Theorem 4.8 to the g-crystal Bq{p^) ® Bq{pi^) gives 

PjuPi^lo = ch.Qx{Bq{pij))ch.ax{Bq{p„))lQ = char((Bg(pju) (g) Bq{p„))lQ 

^ ,-W^(p))H-^(^(p))-/(p)) (1 _ ,-^)/W-Wp,^^,(,,)lo 

since every path in pi G Bq(j)^) which is contained in C — p has weight jj, (so that wt(pi (8)^2) = 
/X + wt(^>2)-) □ 

Fix J C {1,2, .. . ,n}. The subgroup of W generated by the reflections in the hyperplanes 
Haj , 3 ^ J, 

= {sj \j&J), acts on J)^, with Cj = {/i G f)^ | (a*, aj) > for j G J} 
as a fundamental chamber. Let Hj = span{r^^i | w G Wj} and let Ij G Hj be given by 
l% = lj and T-l,lj = q-^('"hj, foiw€Wj. 
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For /X G P let Wj{ be the stabilizer of /j. under the Wj action on P and 

define P/(X; g-^) € IC[P]^^ by P/(X; g-2)lo = ( g-^Wr;_\)x'^lo, (4.31) 

where Wj is a set of minimal length coset representatives for the cosets in Wj/W^. Then 

up to normalization P/(X, g~^)lo equals IjX^Xq, (4.32) 

and 

lj#lo has basis {P/Iq 1 A € P/}, where P/ = P n Cj. (4.33) 
with C7 = {;u € [}J I aj) > for j € J}. 

Theorem 4.10. Recall the notations from Theorem 4-2. If n G P"*" letBqij)^) he the q-crystal generated by 
where is a fixed minimal length alcove walk from A to /i + A. Let A G P"*" and let J C 
{l,2,...,n}. Then 

P^= q-{m)+e{'P(p))-f{p))i^i_q-^y{p)-cj{p)pJ^^^^ 

p6S(A) 
pCCj-pj 

where Cj — pj = {/i G f)}^ | {fi,aj) > —1 forj G J} and cj{p) is the number of folds of p which 
touch a hyperplane with j & J. 

Proof. A J -crystal is a set of positively folded alcove walks B which is closed under the operators 
ej, /j, for j G J. Since PaIq = char(Pg(pA))lo, the statement follows by applying Theorem 4.8 
to Bq{p\) viewed as a J-crystal. □ 



5 Weyl characters and crystals 

Section 5.1 is an exposition of the theory of Weyl characters analogous to the theory of Schur 
functions in [Mac2, Ch. 1]. The element ap in Theorem 5.1 is the Weyl denominator, Lemma 
5.2 is a generalization of the Jacobi-Trudi formula and the formulas in Proposition 5.3 are 
the quantum dimension formula and the Weyl dimension formula, respectively. The results in 
Proposition 5.4b and 5.4c are the Kostant partition function formula and the Brauer-Klimyk 
formula, respectively. Sections 5.2-5.6 give an elementary exposition of the theory of crystals 
and the path model and Section 5.7 explains the relationship between crystals and column strict 
tableaux. The presentation here is designed to make clear the relationship between the general 
path model and the crystal operators of Lascoux and Schiitzenberger used in the type A case 
[LS] (see [Ki] for a nice presentation). 

The relationship between the path model used in this section and the alcove walks used in 
Sections 3 and 4 is as follows. Let r G IR>o- The dilation which replaces the fundamental alcove 
A by ^A induces important maps between the corresponding affine Hecke algebras, 

Ha ^ Hij^ and Hij^ — ^ Ha, 

r r 

corresponding to stretching the walks by a factor of r. As r gets large the alcove gets small 
and alcove walks become continuous paths in the limit. At = the formula for the Hall- 
Littlewood polynomial in Theorem 4.2a becomes the path model for Weyl characters discovered 
by P. Littelmann [Lil-3]. In other words, the g-crystals become "classical" crystals in the limit. 
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5.1 Schur functions 

Use notations for the Weyl group W and the lattice P as in Section 2. The group algebra of P 
is the ring 

Z[P] with basis {X^ | A G P} and product X^X^" = X^+^', 
for X,fieP. The group W acts on Z[P] by 

wX^ = X^^, for weW,Xe P. 
The ring of symmetric functions and Fock space are 



Z[P]'^ = {/ G \wf = f for all € M^} and 

^[pjdet = {/ e z[p] I = det{w)f for all w G 1^}, 



(5.1) 



respectively. For A G P define 



mA = J2 «A = ^ det(i(;)X"'^. (5.2) 

The straightening laws for these elements are 

"m-wX = ™A aiid a„,;^ = det(u')oA, loi w & W and A G P. (5-3) 

The second relation implies that a;^ = if there exists w G Wx with det{w) ^ 1, and it follows 
from the straightening laws that 



(5.4) 



Z[P]^ has basis {nix | A G P+}, and 
^[pjdet bj^gjg 1^^^^ I X G p+}, 

where P"*" and p are as in (2.14) and (2.16), respectively. 
The Weyl characters or Schur functions are defined by 

= for A G P. (5.5) 

The following theorem shows that the sx are elements of Z[P] and that 

Z[P]^ has basis {sa I A G P+}. (5.6) 
Theorem 5.1. Fock space Z[P]'^'^* is a free Z[P]^ module with generator 

Z[P]^ — > Z[P]^^* 



JJ (1 — a; ") and i/ie map f i — > apf 

^&R+ Sx I — > ax+p 



is al^P^ module isomorphism. 

Proof Let / G Z[Pf^^ and let a G P+. If /-y is the coefficient of x'^ in / then 

Y^f^x^ = f = -Saf = Y,-f^x'-\ and SO /= ^ /^(x^ - a;^«T), 

<7,aV)>o 
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since fs^-y = —fy Since each term x'^ — x^°''^ is divisible 1 — x °, / is divisible hy 1 — x and 
thus 

each / G Z[Pf''^ is divisible by x^ Yl {I - a;"") (5.7) 

aeR+ 

since the polynomials 1 — a G are coprime in Z[P] and x'' is a unit in Z[P]. Comparing 
coefficients of the maximal terms in Up and a^T[aeR+(-'^ ~ x~°') shows that 

ap=^' n (1-^"")- 

aeR+ 

Thus each / G Z[P]'^'^* is divisible by Op and so the inverse of multiplication by Op is well 
defined. □ 

The dot action of on P is given by 

w o jjL = w{iJL + p) — p, for u; G Sn, fJ- & P- (5-8) 

The straightening law 

Swon = det{w)sn, ioT fi E P, w e W. (5.9) 
for the Schur functions follows from the straightening law for the in (5.3). 

Lemma 5.2. Let f G Zi[P]^ and write f = ""^^ f'yx'^ so that is the coefficient of x"' in /. 

7 

Then 

/ = m fi^'^i^ = X] ^^^''^ '^^ = X] det(if;)/A+p_^p. 

Proof. The first equality is immediate from the definition of m^. Since / G Z[P]^ and the s\, 
A G P"*", are a basis of Z[P]''^, the element / can be written as a linear combination of sx. Then, 
since e^'^'^'^° is the unique dominant term in ax+p, 

rjx = (coefficient of sx in /) = (coefficient of a^+p in fap) 



I coefficient of e^+P in ^ ^1 det(u;)/^e''+^'' 



□ 



Proposition 5.3. // z/ G f)J and / = ^ f^e^ G Z[P] define fie"") = ^ /^e^'^''^^ Let A G P+, 
t G M>o, g = e* and p^ = \ Ylia&R+ ^ ■ '^hen 

where [k] = {q^ — l)/(g — 1) /or an integer k 0. 
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Proof. 

wew wew 



aeR+ 

Thus 

P^ ' a&R+ aeR+ ^ 

and 



sA(i)=iimsA(g''")= n 

□ 

The weight multiplicities are the integers Kxj, A G P"*", 7 G P, defined by the equations 

= 5Z i^AT^^"' = Kx^,m^. (5.10) 

The tensor product multiplicities are the integers c^^, iJ,,iy,\ E P"^, defined by the equations 

AGP+ 

The partition function is the function p: P ^ Z>o defined by the equation 

n ri^ = E^^w--"- (5-12) 

Proposition 5.4. Xei A,/x, G P"*". 

('aj ii'AA = 1, Kx^uin = Kx^i, for w eW, and Kx^ = unless /x < A. 

(b) Kx^ = det(i(;)p(u;(A + p)-{n + p)). 

(c) = X det(i;u;)p(t;(/x + p) + + p) - (A + p) - p). 

Proof, (a) The equahty Kx,wfi = Kx^x follows from the definition and the fact that sx G Z[P]^. 
If / 1 then w{\ + p) < A + p so that w{X + p) — p < \ and 



SA 



(X det(tD)x"'''^^'^-' j • — — = + (lower terms in dominance order). 



Thus i^AA = 1 and Kxix = unless p < A. 
(b) The coefficient of in 



sx=(j2 det{w)x^(^+P^-p] n = E det(^)p(7) 

7eQ+ 



^«;(A+p)-p-7 
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has a contribution det{w)p{'y) when w{X + — p — 7 = /xso that 7 = w{X + p) — {fi + p). 
(c) Let e = ^^QiY det('u;)u;. Since c^^ is the coefHcient of x^'^f in 



= ^ det(t;'u;)p(7)x''(''+^)+"'(^+'')-T-'', 

there is a contribution det{vw)p{'j) to the coefHcient c^^, when A + /9 = v(/x + p) + — 7 — p 

so that 7 = ■u(/x + p) + w{p + p) — (A + p) — p. □ 

Fix J C {1,2, . . . ,n}. The subgroup of generated by the reflections in the hyperplanes 
Haj, j e J, 

Wj = {sj\jeJ), acts on f)*, with Cj = {p G I > for j G J} (5.13) 

as a fundamental chamber. The group Wj acts on P and 

^[pjW^j = {/ G Z[P] \ wf = f for w e Wj} (5.14) 
is a subalgebra of Z[P] which contains Z[P]^. If = {p G f)^ | (p,Q;J) > for j G J}, 

P+ = Pnc7, pj = YLOj, (5.15) 



ai 



T.'l= det{w)wXi', for p G P, and si = -^7^, for A G P, (5.16) 

then 



{s( I A G Pj} is a basis of 'L[P]^J . 



The restriction multiplicities are the integers Cj^^ given by 



5.2 Paths 

Let A G P. The straight line path to A is the map 

PA : [0, 1] ^ I)M given by py,{t) = \t. (5.18) 

Let £1,^2 G IK>o. The concatenation of maps pi : [0, ^1] — > and [0, -^2] — ^ ^'^^ 
Pi®P2- [0, ^1 + ^2] {)m given by 

\pi(<l)+P2«-<l), tor (€[«,,<! +<2l. ^ ' 

Let r, £ G M>o. The r -stretch of a map p: [0,£] f)^ is the map rp: [0, r^] ^ f)^ given by 

{rp){t) = r -pit/r). (5.20) 
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The reverse of a map p: [0, ^\ f)^ is the map p* : [0, ^\ f)^ given by 

p*(t)=p{t-t)-p{t). 
The weight of a map p: [0,£] — > f)^ is the endpoint of p, 

wt(p) =p(^). 



(5.21) 
(5.22) 





. ■ wt(p) 



>t(:?) 





(5.23) 



Let 

-Buniv be the set of maps generated by the straight hne paths 
by operations of concatenation, reversing and stretching. 

A path is an element p: [0,^] — i- f)^ in Suniv Let 5 be a set of paths (a subset of Suniv)- The 
character of B is the element of Z[P] given by 



char(S) = ^X^*(*'). 



(5.24) 



A crystal is a set of paths B that is closed under the action of the root operators 

'■ -Suniv ^ -Suniv 

U{0} and /i: S^niv ^BunivU{0}, 1 < i < n, (5.25) 

which are defined and constructed below, in Proposition 5.7 and Theorem 5.8. The crystal graph 
of B is the graph with 



vertices B and labeled edges p'< — p if p' = fip. 



(5.26) 
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5.3 z-strings 

Let S be a crystal. Let p e B and fix i (1 < i < n). The i-string of p is the set of paths Si{p) 
generated from p by appHcations of the operators and fi. 

The head of Si{p) is h e Si{p) such that Cih = 0. 

The tail of is t G Si{p) such that /jt = 0. 
The weights of the paths in Si (p) are 

wt{t) = SjWt(/i) = wt{h) — {wt{h),a^)ai, . . . , wt(/t) — 2aj, wt(/t) — ojj, wt(/i), 
and the crystal graph of Si{p) is 



\ i ~ , i 

t < — ed < — 



fiP 



— p < — eip ^ 



fih 



h 



d+{p) 



df (p) = (distance from h to p) and {p) = (distance from p to t), 



where 



so that * p = h and ' p = t, 

5.4 Highest weight paths 

A highest weight path is a path p such that 

eip = 0, for all 1 < z < n. 



(5.27) 



A highest weight path is a path p such that, for each 1 < i < n, p is the head of the z-string 
Si{p). Thus {p{t),a^) > —1 for all t and all 1 < z < n. So a path p is a highest weight path if 
and only if 

pQC - p, where C - p = {p - p \ e C}. (5.28) 
Following the example at the end of Section 2, for the root system of type C2 the picture is 



Cei+ce2 




ai+2a2 



the region C — p 

If p is a highest weight path with wt(p) G P then, necessarily, wt(p) G P+. The following 
theorem gives an expression for the character of a crystal in terms of the basis {s\ \ A G P"^} of 
Z[P]^. 
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Theorem 5.5. Let B be a crystal. Let mathrmchar{B) be as in (5.24) o,f^d s\ as in (5.5). 
Then 

char(5) = ^ s^t(p), 

pes 

P<ZC-p 

where the sum is over highest weight paths p £ B. 

Proof. Fix i, 1 < i < n. If p G -B let Sip be the element of the z-string of p which satisfies 

Wt(Sip) = SiWt{p). 




Then Si{sip) = p and 

SiChar(S) = X^'^*^*') = X'^^^'^P^ = char(S). 
peB peB 

Hence char(S) G Z[P]^ . 
Let 

e = ^ det{w)w so that = £{X^), for fj, G P. 

Since char(5) G 

char(S)ap = char(S)£(X'') = £(char(S)X'') 

and 

dp Op 

= = Z^~ = Z^Vt(p)- 

peB P peB P peB 

There is some cancellation which can occur in this sum. Assume p E B such that p ^ C — p let 
t be the first time that p leaves the cone C — p. In other words let t G M>o be minimal such 
that there exists an i with 

p{t) G _i where = {A G f)^ | (A, a,^) = -1}. 

Let i be the minimal index such that the point p{t) G Ho^^-i and define Siopio be the element 
of the z-string of p such that 

Wt(Si op) = Sj op. 



(5.29) 
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Note that since {j)i{t),a^) = — 1, p is not the head of its i-string and Sj op is well defined. If 
q = Siop then the first time t that q leaves the cone C — p is the same as the first time that p 
leaves the cone C — p and p{t) = q{t). Thus Sioq = p and Si o (sj op) = p. Since 

the terms Swt(siop) and s„,t(p) cancel in the sum in (5.29). Thus 

char(S) = ^ s^(p). 



pes 

pCC-p 



□ 



Theorem 5.6. Recall the notations for Weyl characters, tensor product multiplicities, restric- 
tion multiplicities and paths from (5.5), (5.11), (5.17) and (5.22). For each A G P"*" fix a highest 
weight path p'^ with endpoint X and let 

B{X) be the crystal generated hy p^. 

Let X, ii,^ G and let J C {1, 2, ... , n}. Then 



= 5Z s^Si/ = Yl ^;^+wt{9)> and sx= ^ s 



J 

wt(p) • 

p+«,qCC-p PQCj-pj 



Proof, (a) The path pj^ is the unique highest weight path in B{X). Thus, by Theorem 5.5, 
char (S (A)) = sx- 

(b) By the "Leibnitz formula" for the root operators in Theorem 5.8c the set 

B{n) (g) B{iy) = {p^q\pe B{p),q G B{u)} 
is a crystal. Since wt{p ® q) = wt{p) + wt{q), 

s^Sv = char(S(/x))char(B(z/)) = char((5(//) (g) -B(i^)) 

= «wt(p)+wt(q) = X] S(U+wt(q)> 

pmeB(p,)®B{v) qeB{v) 
pmQc-p p'ji.mQc-p 

where the third equality is from Theorem 5.5 and the last equality is because the path p+ has 
wt(p+) = II and is the only highest weight path in B{p). 

(c) A J -crystal is a set of paths B which is closed under the operators e^, /j, for j G J. 
Since s\ = char(B(A)) the statement follows by applying Theorem 5.5 to B{X) viewed as a 
J-crystal. □ 
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5.5 Root operators for the rank 1 case 

Let 

B^'' = {bi^---^bk\bieB}, where 5 = {+1,-1,0}. 

Define 

/. S^fc ^ U {0} and e: B^'' ^ B^'' \J {0} 

as follows. Let 6 = 6i • • • G B'^^. Ignoring Os successively pair adjacent unpaired (+1, —1) 
pairs to obtain a sequence of unpaired —Is and +ls 

-1 -1 -1 -1 -1 -1 -1 +1 +1 +1 +1 

(after pairing and ignoring Os). Then 

fb = same as b except the leftmost unpaired +1 is changed to —1, „„n 
eb = same as 6 except the righttmost unpaired —1 is changed to +1. 

If there is no unpaired +1 after pairing then fb = 0. 
If there is no unpaired —1 after pairing then eb = 0. 

These operators coincide with the operators used in the type A case by Lascoux and Schiitzenberger 
[LS] (see the nice exposition in [Ki]). The (+1, —1) pairing procedure is equivalent to the process 
of taking the "outer edge" of the path (4.18-4.19). In the context of Section 4 this is natural 
since only the outer edge of the path contributes nontrivially to the image of the path in the 
affine Hecke algebra. 

Let f)^ = M. By identifying +1, —1, with the straight line paths 

Pi P-i Po 
>■ ■< • 



P1-- [0,1] - P-i: [0,1] - [)| Po: [0,1] - f)^ 

t ^ t, t H- > —t, t H- > 0, 

respectively, the set S®*^ is viewed as a set of maps p: [0, k] f)j^. Let B'^^ = {(p} with f<p = 
and e(p = 0. Then 

Tz{B)= □ B^'' (5.31) 
kei>o 

is a set of paths closed under products, reverses and r-stretches (r G Z>o) and the action of e 
and /. For p G B let 

d'^ip) = (number of unpaired +ls after pairing), , . 

d~{p) = (number of unpaired —Is after pairing). 

See the picture in (5.33). These are the nonnegative integers such that 

/'^+(f)p^O and = 0, and e'^^'^P'^p^O and e*^" (^')+ ^ = 0. 

Proposition 5.7. Use notations for Tz{B) as in (5.30-5.32). 
(a) Ifp e Tz{B) and fpj^O then efp = p. 
If p & Tz{B) and ep then fep = p. 
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(b) Ifpe Ti{B) and r e Z>o then 

f^{rp) = r{fp) and e^{rp) = r{ep). 

(c) Ifp,qe Tz{B) then 



f{p®q) ■■ 
(d) Ifpe TziB) then 



fp^q, ifd+{p)>d~{q), 
p®~fq, ifd+{p)<d-{q), 



and e{p (g" q) 



ep®q, ifd+{p) > d (g), 
\p®eq, ifd+{p)<d~{q). 



fip*) = {epf and e{p*) = {fvT- 



Proof, (a), (b) and (d) are direct consequences of the definition of the operators e and / and 
the definitions of r-stretching and reversing. 

(c) View p and q as paths. After pairing, p and q have the form 



d+{q) 



P 



d+ip) 



and 



(5.33) 



d-(j>) 



d-{q) 



where the left traveUng portion of the path corresponds to —Is and the right travehng portion 
of the path corresponds to +ls. Then 



f{p ®q) = < 



fp'Si q, if p (8> g 
p® fq, \ip®q 



, i.e. d+{p) >d {q), 
, i.e. d+{p) < d-{q), 



since, in the first case, the leftmost unpaired +1 is from p and, in the second case, it is from 
q. □ 

Use property (b) in Proposition 5.7 to extend the operators e and / to operators on Tq{B), 
the set of maps p: [0,1] ^ M generated by B under the operations of concatentation, reversing 
and r-stretching (r G Q>o)- Then, by completion, the operators e and / extend to operators on 



Ts.{B), the set of maps p: generated by B , . 

by operations of concatenation, reversing and r-stretching (r G M>o). 

A rank 1 path is an element of T-r{B). 



5.6 The root operators in the general case 

Recall from (5.23) that 

-Buniv is the set of maps generated by the straight line paths 

by operations of concatenation, reversing and stretching. 

and a path is an element p: [0, i!] f)^ in .Buniv (see (5.23)). 

Let p: [0, £] ^ M be a path and let a G be a positive root. The map 

Po,: [0,£] ^ M given by Pa{t) = (p(t),a^) (5.35) 
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is a rank 1 path (an element of Tr{B)). The rank 1 path is the projection of p onto the Une 
perpendicular to the hyperplane Ha- Define operators 



by 

and set 



'■ -Buniv -Buniv U {0} and fa ■ -Buniv ^ -Suniv U {0} 

eaP = P+^ {epa - Pa)oi and faP = p-\ {Pa - fPa)a, 
e-i = e-ai and fi = fai, for 1 < z < n. 



(5.36) 

(5.37) 
(5.38) 



The operators Cj and /j are designed so that after projection onto the line perpendicular to 
they are the operators e and /. 





The dark parts of the path p are reflected (in a mirror parallel to Ha^) to form the path fip. 
The left dotted line is the affine hyperplane parallel to i^Q. which intersects the path p at its 
leftmost (most negative) point (relative to -ffaj and the distance between the dotted lines is 
exactly the distance between lines of lattice points in P parallel to Ha. ■ 

The following theorem is a consequence of Proposition 5.7 and the definition in (5.34). The 
uniqueness of the operators fi and Cj is forced by the properties (b), (c) and (d) in Theorem 5.8. 

Theorem 5.8. The operators e-i and fi defined in (5.38) are the unique operators such that 

(a) Ifpe 5u„iv and fip / then Cifip = p. 

Ifpe -Buniv and eip ^ then fiiip = p. 

(h) IfXeP and (A,q;V) G Z>o then 



fi P\= PsiX- 
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(c) Ifp,qe -Buniv then 



\p®fiq, ifdj{p) < d- {q), 



ei(p®q) = 



eip®q, ifdj{p) > d- (q), 
p®eiq, if dUp) < dUq). 



where df(p) = d^{pon) with d^ as in (5.33) and Pai as in (5.35). 

(d) If p & -Buniv O'^d r G Z>o then 

fi{rp) = r{fip) and el{rp) = r{eip). 

(e) Ifpe -Buniv then 

fiP* = {e-ip)* and Cip* = (fip)*. 

(f) IfP^ -Buniv and fip ^ then wt( fip) = wt{p) - ai. 
If p € -Buniv and Cip / then wt{eip) = wt{p) + Oj. 

5.7 Column strict tableaux 

A letter is an element of B{£i) = {ei, ...,£„} and a word of length k is an element of 

5(ei)®'' = {en® | I < ii, ■ ■ ■ ,ik < n}. 

For 1 < i < n — 1 define 

fi-. Bieif" ^ Bieif'UiO} and : ^(ei)®'^ ^ 5(£i)®'= U {0} 
as follows. For b G -B(£i)®'=, 

place +1 under each Si in b, 

place —1 under each Si-^i in b, and (5.39) 
place under each ej, j ^ i,i -\- 1. 

Ignoring Os, successively pair adjacent (+1, —1) pairs to obtain a sequence of unpaired —Is and 
+ls 

-1 -1 -1 -1 -1 -1 -1 +1 +1 +1 +1 (5.40) 
(after pairing and ignoring Os). Then 

fib = same as b except the letter corresponding to the leftmost unpaired +1 is changed to £i+i, 
Sib = same as b except the letter corresponding to the rightmost unpaired —1 is changed to £i. 

If there is no unpaired +1 after pairing then /j6 = 0. 
If there is no unpaired —1 after pairing then eib = 0. 
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A partition is a collection /j, of boxes in a corner where the convention is that gravity goes 
up and to the left. As for matrices, the rows and columns of /x are indexed from top to bottom 
and left to right, respectively. 

The parts of are fii = (the number of boxes in row i oi n), 

the length of /x is i{iJ,) = (the number of rows of fi), (5-41) 
the size of /x is = /xi + • ■ ■ + jJ-edx) = (the number of boxes of /x). 

Then /x is determined by (and identified with) the sequence /x = (/xi, . . . ,/x^) of positive integers 
such that /xi > /X2 > ■ ■ ■ > /x^ > 0, where i = £{fJ-). For example. 



(5,5,3,3,1,1) 



Let A be a partition and let ^ = (pi, . . . , fin) £ ^>o be a sequence of nonnegative integers. 
A column strict tableau of shape A and weight /x is a filling of the boxes of A with /xi Is, /Li2 2s, 
. . jin ns, such that 

(a) the rows are weakly increasing from left to right, 

(b) the columns are strictly increasing from top to bottom. 

If p is a column strict tableau write shp{p) and wt(p) for the shape and the weight of p so that 
shp(p) = (Ai, . . . , An), where Aj = number of boxes in row i of p, and 
wt{p) = (/xi, . . . , /x„), where fj,i = number of zs in p. 
For example. 



p 



1 


1 


1 


1 


1 


1 


1 


2 2 


2 


2 


2 


2 


3 


3 


4 


has shp(p) = (9,7,7,4,2, 1,0) 


3 


3 


3 


4 


4 


4 


5 


4 


5 


5 


6 




wt(p) = (7,6,5,5,3,2,2). 


6 
7 


7 







For a partition A and a sequence /x = (/xi, . . . , /x^) G Z"q of nonnegative integers write 

B{X) = {column strict tableaux p | shp(p) = A}, 
B{X)^ = {column strict tableaux p | shp(p) = A and wt{p) = /x}. 

Let A be a partition with k boxes and let 

B{X) = {column strict tableaux of shape A}. 

The set -B(A) is a subset of B{ei)®^ via the injection 

B{\) ^ 5(£l)®^ 

p I — > (the arable reading of p) 



(5.42) 



2^ 



'Ik 



(5.43) 
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where the arabic reading of p is Si^^ (S) Si^ ^ ■■■ ^ £iy. if the entries of p are ii,i2, ■ ■ ■ ,ik read right 
to left by rows with the rows read in sequence beginning with the first row. 

Proposition 5.9. Let A = (Ai, . . . , A„) he a partition with k boxes. Then -B(A) is the subset of 

B{si)'^^ generated by 



£l ® £l 



I £l (8) £2 £2 



I £2 I 



Ai factors 



A2 factors 



A„ factors 



under the action of the operators e-i, fi, 1 < i < n. 

Proof. If P = P{b) is a filhng of the shape A then bi-^ ® ■ ■ ■ ® bi^ = b is obtained from P by 
reading the entries of P in arabic reading order (right to left across rows and from top to bottom 
down the page). The tableau 



Px = P{P> 



1 1 



111 



2 2 



n • • • n 



is the column strict tableau of shape A with Is in the first row, 2s in the second row, and so on. 
Define operators and fi on a filling of A by 

eiP = P{eiP) and f.P = P{fib), if P = P{b). 

To prove the proposition we shall show that if P is a column strict tableau of shape A then 

(a) CjP and /jP are column strict tableaux, 

(b) P can be obtained by applying a sequence of fi to Px. 

Let P^^^ be the column strict tableau formed by the entries of P which are < j and let A^-') = 
shp(pO)). This conversion identifies P with the sequence 

P = (0 = Xio) c XW C . . . C A(") = A), where 
A«/A(- ^^is a horizontal strip for each 1 < i < n. 

(a) Let us analyze the action of Cj and fi on P. The sequence of +1, —1, constructed via (5.39) 
is given by 

placing +1 in each box of X^'^^/\^^~^\ 
placing —1 in each box of X^'^'^^^ / \^''\ 
placing in each box of X^^^ /X^^~^\ for j i,i + 1, 

and reading the resulting filling in Arabic reading order. The process of removing (+1,-1) pairs 
can be executed on the horizontal strips X^^~^^^ /X^^^ and X^^^/X^^~^\ 
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with the effect that the entries in any configuration of boxes of the form 



+1 


+1 




+1 


-1 


-1 




-1 



will be removed. Additional +1, —1 pairs will also be removed and the final sequence 



-1 -1 ••• -1+1 + 1 •■■ +1 
' 



(5.44) 



will correspond to a configuration of the form 



A(-i) 



-+++I 



I 1 



The rightmost —1 in the sequence (5.40) corresponds to a box in A^*^^^ /A^*) which is leftmost in 
its row and which does not cover a box of A*-*^ /A^*"^-*. Similarly the leftmost +1 in the sequence 
(5.40) corrresponds to a box in A^^VA^'""-*^^ which is rightmost in its row and which does not have 
a box of A('"'"^^/A^*) covering it. These conditions guarantee that CjP and /jP are column strict 
tableaux. 

(b) The tableau P is obtained from P\ by applying a sequence of /j in the following way. 
Applying the operator 

/n,i = /n-l • ■ ■ /i+l/i tO P\ 

will change the rightmost i in row i to n. A sequence of applications of 

jn,i-, as i decreases (weakly) from — 1 to 1, 
can be used to produce a column strict tableau P„ in which 

(1) the entries equal to n match the entries equal to n in P, and 

(2) the subtableau of P„ containing the entries < n — 1 is P^{„-i). 
Iterating the process and applying a sequence of operators 

fn-i,i, as i decreases (weakly) from n — 2 to 1, 
to the tableau P„ can be used to produce a tableau Pn-i in which 

(1) the entries equal to n and n — 1 match the entries equal to n and ri — 1 in P, and 

(2) the subtableau of Pn-i containing the entries < n — 2 is P^(n-2) . 

The tableau P is obtained after a total of n iterations of this process. □ 
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